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1. Introduction 

A conjecture attributed to Constantin Caratheodory 1 states: 

The Caratheodory Conjecture: Every closed convex C 3 -smooth surface in 
Euclidean 3-space has at least two umbilic points. 

In this paper we prove the following: 

Main Theorem. Let p be an isolated umbilic point on a C 3 -smooth surface S in 
Euclidean 3-space. Then the winding number of the principal foliation about p is 
less than or equal to 1. 

Aside from establishing the Caratheodory conjecture, this result has interest in 
its own right, as it is well-known to be equivalent to a conjecture of Loewner on 
solutions of the wave equation. For more on these conjectures and their history, see 
Berger [2] and references therein. 

Recall that an umbilic point is a point where the second fundamental form 
(a symmetric 2-tensor) of the surface has a double eigenvalue. Away from such 
points, the eigenvectors of the second fundamental form define a pair of orthogonal 
foliations of the surface - the principal foliations. The winding number of the 
principal foliations about an isolated umbilic point is called the index of the umbilic 
point - which, due to the fact that the principal foliations may not be orientablc, 
is an element of ^Z. 

Our proof of the Main Theorem depends upon a reformulation of the problem 
in terms of isolated complex points on Lagrangian surfaces in the space of oriented 
geodesies of Euclidean 3-space, which we identify with TS 2 . Here complex and 
Lagrangian refer to the neutral Kahler structure on TS 2 introduced by the authors 
in [7]. 

We relate the index of an isolated complex point on an otherwise totally real 
surface in any almost-complex 4-manifold to the space of holomorphic discs whose 
boundary is contained in the surface. Indeed, if there exists such a holomorphic 
disc, and it persists for all small deformations of the boundary surface, the index 
of the associated elliptic boundary value problem is greater than zero. We show 
through the Keller-Maslov index of the boundary that, in our setting, this is exactly 
the condition required for the Caratheodory conjecture to hold. We thus seek to 
prove the existence of stable holomorphic discs attached along the boundary to the 
Lagrangian surface in TS 2 . 

To establish the existence of such holomorphic discs we flow to them by the mean 
curvature flow associated to the neutral Kahler metric on TS 2 . In particular, we 
prove long-time existence of the mean curvature flow for n-dimensional spacelike 
submanifolds in n+m-dimensional manifolds with metrics of signature (n, m) under 
certain conditions. In our case these conditions are met, and so we establish long- 
time existence for the mean curvature flow in TS 2 for positive discs with boundary 
lying in a totally real surface. 

Moreover, we prove that for small enough initial disc, the flow is asymptotically 
holomorphic in time. By altering the complex structure we construct a sequence 
of holomorphic discs which, by virtue of our estimates, remain in a compact set. 
Crucially, we establish an a priori area bound for positive discs with boundary 
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contained on the deformation of a Lagrangian surface. Thus, the compactness of 
the space of J-holomorphic curves with boundary leads to a convergent sequence 
of holomorphic discs. While the limit disc may be bubbled - bubbling off other 
holomorphic discs - continuity up to the boundary ensures that the Keller-Maslov 
index is retained in the limit. In fact, this is all we require for our proof. 

Throughout, we prove existence of the flow by a priori estimates. This allows us 
to conclude that the solution persists under perturbation of the boundary surface. 
Thus we have demonstrated the existence of stable holomorphic discs and the Main 
Theorem follows. 

The next section contains the reformulation and proof of the Main Theorem. In 
the following sections we supply the details of the proof. 

2. Strategy and Proof 

2.1. Reformulation of the Conjecture in TS 2 . The space of oriented geodesies 
in Euclidean 3-space E 3 , namely the oriented affine lines in the underlying IR 3 , may 
be identified with the total space of the tangent bundle to the 2-sphere. 

This 4-manifold is endowed with a natural Kahler structure (J, f2, G) which is 
invariant under the action induced on TS 2 by the Euclidean group acting on E 3 . 
Throughout this paper, we denote the Kahler surface {TS 2 , J,f2,G) simply by TS 2 . 
We now briefly summarize the properties of this structure we require - further 
details can be found in [7] and references therein. 

Given an oriented C^-smooth surface S in E 3 with k > 1, the set of oriented 
lines normal to S gives rise to a C fe_1 -smooth surface X in TS 2 . Such a surface 
£ is Lagrangian: 0|e = 0. Indeed, the well-known converse holds by Frobenius 
integrability (see for example [6]): 

Proposition 1. A surface T, in TS 2 is Lagrangian iff there exists a surface S in 
E 3 which is orthogonal to the oriented lines o/S. 

Given one such orthogonal surface S in E 3 , we have a one parameter family of 
parallel surfaces which are also orthogonal to the oriented lines of S. Moreover, a 
point on S is umbilic iff the corresponding points on the parallel surfaces are also 
umbilic. Indeed, this property allows us to reformulate the Conjecture entirely in 
TS 2 , as we will see below. 

Let S be a C 3 -smooth oriented surface in E 3 , and S the corresponding surface 
in TS 2 formed by the normal lines to S. The canonical projection ir : TS 2 — ► S 2 
restricted to £ is just the Gauss map of the surface, and so we have: 

Proposition 2. The surface S is non-fiat (has non-zero Gauss curvature) iff £ is 
the graph of a section of the bundle ir : TS 2 — > S 2 . In particular, the surface £ 
in TS 2 formed by the oriented normal lines of a convex surface S is the graph of a 
section. 

A point p on a surface £ in an almost complex 4-manifold (M, J) is said to be 
complex if J : T p M — > T p M leaves T p £ invariant. In our situation: 

Proposition 3. A point 7 on a Lagrangian surface £ in TS 2 is complex iff the 
point on the orthogonal surface S in E 3 with oriented normal line 7 is umbilic. 

Moreover, the index of an isolated umbilic point on S is precisely the index of 
the associated complex point on the Lagrangian surface £ as defined in [6] . 
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Here, an umbilic point on S C E 3 is a point where the second fundamental form 
has a double eigenvalue and the ^"Z-valued index of an isolated umbilic point is the 
winding number of the eigen-directions about the point. 

Thus the Main Theorem is equivalent to: 

Main Theorem. An isolated complex point 7 on the graph of a Lagrangian section 
ofTS 2 — > S 2 has index less than or equal to 1. 

Note that, given a surface S C E 3 with isolated umbilic point, by a Mobius 
transformation of E 3 , S can be locally mapped to a convex surface with isolated 
umbilic point of the same index. Thus, while we prove the Main Theorem in the 
convex case, we can in fact drop the assumption of convexity of the surface in E 3 . 

2.2. The manifold of J-holomorphic discs with boundary. We now discuss 
holomorphic discs with boundary lying on a totally real surface in an almost com- 
plex surface (M, J). Throughout, we denote by C k ' a the usual Holder spaces in the 
appropriate function spaces. 

Definition 1. For an almost complex surface (M, J) define the set of Holder bound- 
ary conditions by 

B = {E C M I £ is a totally real embedded surface of smoothness C k ' a }, 
and the set of parameterized discs with boundary condition by 

T = {(/, E) I /:£>—> M, fe C k ' a (D) n C°(D) and f(dD) C E e B}. 

The spaces T and B are Banach manifolds with respect to the C k ' a norm and 
the projection ir : T ' — > B : n(f, E) = E is a Banach bundle. For (/, E) e T define 
Bjf = \{df o j — J o df) where j is the standard complex structure on D. Then, 
djf € O 01 (/*TM) and we define 

n 01 (T) = [j n 01 (f*TM). 

This is a Banach vector bundle over T and the operator Bj is a section of this 
bundle. 

Definition 2. The set of holomorphic discs with boundary condition is defined by 

X J = {(/,E)e^|a J / = o}. 

Consider the linearization of Bj at (/, E) e T with respect to any connection on 

V ( /,E)aj : T(f*TM, /*TE) -> fi 01 (/*TM), 
where r(/*TM, /*TE) denotes sections of f*TM -> D with boundary values in the 
sub-bundle /*TE — > BD. The key points about this operator are: 

Proposition 4. [10] V(/.s)9j is Fredholm. If V(/ j s)9j is surjective then A4j C T 
is a Banach manifold with T^f^Mj = T^B © fcerV \fjz)Bj . 

There exists Bo C B dense and open such that for all (/, Eo) G tt^ 1 (Bo) fl M.j 
we have: V(/.s )9j is surjective. 
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Definition 3. [10] For (/, E) e T, define the Keller-Maslov index fi(f, E) e Z to 
be the relative Chern class 

A«(/,E) =ci(/*TM,/*TE) = ci I /*T 10 M (J /*T 10 M J , 

where we double the base D to D U D and identify the fibres by conjugation about 
TE C T 10 M over <9£>. 



Proposition 5. TTie indea: o/ ifce Fredholm operator V(/ j s)9j is ind(V(/.£)<9) = 
//(/, E) — 1. 7n addition, i/V(/ ; £)dj is surjective, then the projection tt : A4j — > S 
is Fredholm with index ind(V (f^)ir) = M/> ^) — 1. 

Proof. The first claim follows from the index formula for the corresponding Riemann- 
Hilbert boundary value problem, see [10]. 

The second claim is seen as follows. By Proposition 4, A4j is a Banach manifold 
and since V(y. S )7r : T^ ^Mj = T^B(BkerVy^dj — > T^i? we have fcer(V(/ i s)7r) = 
/cerV(/.s)9j from which the claim follows. □ 



Theorem 1 (Sard-Smale). 7/ ind(V( /iE )7r) < /or (/, E) <= W C A4j, tften tt(W) C 
/ias measure zero. 



2.3. Proof of the Main Theorem. Given a Lagrangian surface E C TS 12 with 
isolated complex point 7 e E, we seek to construct a holomorphic disc with bound- 
ary lying in E by mean curvature flow. In particular, we consider the following 
parabolic boundary value problem. 



P.B.V.P. 

Consider a family of immersed positive discs in TS 2 given by f s : D —* TS 2 : 
= (£,»? = F(a,t,Q) such that 

^ ± = H, 
ds 

with initial condition 

F(0, £, |) = F (C, 0, t/wt ™ D = E , 
and boundary conditions 

(i) /.(0£>) C E, 

(ii) — e|A| + |<t| - |cr| on / a (0£>), 

w/iere i? is i/ie mean curvature vector associated with the immersion f s in (TS 2 , G), 
E and E are some given positive discs, e > and A, a and are the twist and 
shear of f s (D) and E (cf. Definition 9). 



We claim that for small enough initial discs the above flow converges to a holo- 
morphic disc with boundary on E. We prove this as follows. 

In Theorem 2 we establish long-time existence of the mean curvature flow of a 
compact n-dimensional spacelike submanifold E of a manifold M endowed with a 
metric of signature (n,m), subject to the conditions: 
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(A) the submanifold £ remains within a compact set of M 

(B) timelike curvature condition (3.1) holds 

This result is extended in Theorem 3 from compact submanifolds to subman- 
ifolds with boundary constrained to lie in an n-dimensional submanifold, and an 
additional Neumann condition. 

In order to apply this result to mean curvature flow of positive discs in the space 
of oriented affine lines TS 2 , a number of technical issues must be addressed, namely: 

(1) show that conditions (A) and (B) hold for spacelikc graphs in TS 2 

(2) determine boundary and initial surfaces 

(3) ensure parabolicity of the boundary conditions 

To resolve issue (1) we show that (A) holds in Proposition 25. While the timclikc 
curvature condition does not hold in full generality for TS 2 , we prove in Proposition 
30 that it does hold along a solution of P.B.V.P. 

Proposition 18 and Proposition 36 with Co = demonstrate that we cannot use 
the Lagrangian surface S generated by normals to the convex surface in E 3 as cither 
initial or boundary surface in our flow, as it is neither positive definite nor allows 
positive discs to be attached to it. 

Rather, for the boundary condition, wc add a linear holomorphic twist about the 
complex point (equation (4.9)), which produces a disc £ that is positive for small 
enough radius and allows other positive discs to be attached to it (Proposition 
32). This perturbed surface has an isolated complex point of the same index as the 
original Lagrangian surface and so we aim to find stable holomorphic discs attached 
to it. The existence of a compatible initial disc is proven in Proposition 35 and so 
we have addressed issue (2). 

The C 3 smoothness requirement on S C IE 3 ensures that the mean curvature 
vectors of S, £ adn So are C°, the minimum requirement for P.B.V.P. to admit 
a solution. 

To resolve issue (3), we formulate a general set of higher codimensional boundary 
value problems and prove in Proposition 15 that they are parabolic. Then, in 
Proposition 33, we show that the boundary conditions we implement in the TS 2 
flow are of this type. 

We have therefore proven long-time existence in the setting in which we require 
it. Moreover, in Theorem 4 we prove that, for small enough initial disc, the flowing 
disc is asymptotically holomorphic. Thus we can deform the complex structure so 
that, for late enough time, the flowing disc is holomorphic. From this we extract a 
sequence of J-holomorphic discs for which, if there exists an a priori area bound, 
compactness results (Theorem 5) imply that we can extract a holomorphic disc in 
the limit. In Proposition 36 such an area bound is shown to exist precisely when 
the boundary surface is Lagrangian with a linear holomorphic twist. The limit 
disc /oo(D), which may be bubbled, is holomorphic with respect to our original 
J and continuity up to the boundary implies that the Keller-Maslov index of the 
holomorphic discs is retained in the limit. These results are established in Theorem 
6. Interpolation arguments show that the flow converges to this disc. 

To complete the proof of the Main Theorem we prove in Proposition 34 that 
the boundary of the flowing disc does not cross the complex point. Thus we can 
attach a holomorphic disc f(D) to £ about the complex point 7. Moreover, for any 
small perturbation of the boundary surface £ we can carry out the mean curvature 



CARATHEODORY CONJECTURE 



7 



flow and arrive at a holomorphic disc attached to the perturbation. By virtue of 
Proposition 5 and Theorem 1 this implies that ind(V(/ i E)7r) = fi(f, S) — 1 > 0. 

Let / be the index of the isolated complex point and n be the Keller-Maslov 
index of [foo, £)■ Then, considering the Eulcr number of the sphere consisting of 
foo(D) and the S joined along the boundary of D we have 

/ + i/i = 2. 

Thus, 

J = 2- | M < §, 
which establishes the Main Theorem. 

3. Mean Curvature Flow of Spacelike Submanifolds 

In this section we establish a long-time existence result for mean curvature flow 
of spacelike surfaces in indefinite manifolds. Throughout we utilize the summation 
convention on repeated indices, except for the quantity tp a , defined below. In some 
instances we include summation signs for clarity. Note that raising and lowering 
normal indices (Greek indices) changes the sign of the component. 

3.1. Setting. Let M be an n + m-dimensional manifold endowed with a metric <G 
of signature (n,m). We assume throughout that there exists a multi-time function 
t : M — > R m of maximal rank with components t a for a = l...m such that 

<G(Vt a , Vi Q ) < Va = l...m, 

where all geometric quantities associated with G will be denoted with a bar. 

Definition 4. The manifold (M, G) is said to satisfy the timelike curvature condi- 
tion if, for any spacelike n-planc P at a point in M, the Riemann curvature tensor 
satisfies 

G(R(X,Ti)X,Ti) >kG(X,X), (3.1) 

for some positive constant k, where {n}2 =1 form an orthonormal basis for P and 
X is any timelike vector orthogonal to P. 

Note 1. This generalises the timelike convergence condition of the codimension 
one case employed in [4] : 

Ric(X,X) > 0. 

3.2. Background frame. We fix an orthonormal frame on (M, G): 

{e»,^a}"£Li s - t - G(ei,ej) = 5ij G(T a , Tp) = —5 a f) G(ei,T a ) = 0, 
with 

T a = -iP a G{Vt a , •) fc 2 = -G(Vt a , Vi Q ). 

Definition 5. Given a contravariant tensor B on M we define its norm by 

n m 

\\B\\ 2 = [B(e il ,e i2 ,...,e il )} 2 + ^ [B(T Pl , 7> 2 , T A )] 2 . 

»i,...ii=l /3i,...ft=l 

Similarly, for a covariant tensor B we dualise it with the metric G and define its 
norm as above. 
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Higher derivative norms are also denned: 

||b||^ = £||v^|| 2 . 

For a mixed tensor, we occasionally use the induced metric on the spacelike 
components to define a norm on the timelike components. That is, if B a pijk is a 
tensor of the indicated type, then we define 



\B a f3\ 2 = J YyB a p{e ll e l ,e i )] 2 . 



3.3. Immersed spacelike submanifolds. Let / : £ — > M be a spacelike immer- 
sion of an n-dimensional manifold S, and let g be the metric induced on S by 
G. 

Definition 6. A second orthonormal basis for (M, G) along £ is adapted to the 
submanifold if: 

{Ti^aji^i S.t. G(Ti,Tj) = Sij &{v a ,V fj ) = -8 a p G(Ti,V a )=0, 

where {n}2 =1 form an orthonormal basis for and {^ a }™ =1 span the normal 

space. 

The second fundamental form of the immersion is 

A ija = G(V ri f a ,Tj) = -G(V n T,-,f a ), 
while the mean curvature vector is 

H — n ij A ■ ■ 

We have the following two equations for the splitting of the connection 

V Ti T j =V Ti T j -A? j v a (3.2) 

V Ti v a = Ai a T j+ C& , (3.3) 
where Cf a are the components of the normal connection 

We also have the Gauss and Codazzi-Mainardi equations 

Rijki = Rijki + A^jAua - Af J A lka , (3.4) 

- R^j = ViA% VjAl + A%C% - A^Cfp. (3.5) 

3.4. The group 0(n 7 m). Introduce the notation 

Xij = G( n , ej) W i0 = G{n, T p ) U aj = -G(i/ Q , e s ) V a p = -G{v a ,T ). 
Thus 

e-i = XijTj + U ai v a Tp — WipTi + V a []V ai 
and the (n + m) x (n + to) dimensional matrix 

M=( X W 

\ -U -V 

is an element of the orthogonal group 0(n, to). 
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Proposition 6. The 0(n, m) condition on M is 

X T X = I n + U T U V T V = I m + W T W U T V = X T W. (3.6) 
Proof. This follows from the condition 

□ 



The vectors {n}™ span the tangent space of E, while {va}™ span the normal 
bundle. We are free to rotate these frames within these two spaces, and this corre- 
sponds to left action of 0(n) and 0(m) within 0(n,m). 

Similarly, we consider rotations of {e^}™ that preserve the n-dimensional vec- 
tor space that they span, along with rotations of {TJg}™ that preserves the Tri- 
dimensional space they span. These correspond to right actions of 0(n) and 0(m) 
within 0(n,m). Note that the positive definite norm in Definition 5 is preserved 
by these rotations. 

Proposition 7. By rotations of the frames {ei,T a } and {Tj,vp} which preserve 
the tangent and normal bundles of E 7 as well as the tensor norm of Definition 5, 
we can simplify the matrix M e 0(n, m) for n> m to 

( In-m 

M = Di ±D A A T 
\ D 3 A D 2 

where A e 0(m) is a transposition matrix, D\, D 2 , D3 and D4 are diagonal ma- 
trices satisfying 

D\ = I m + D\ D\ = I m + D\ \D X \ 2 = \D 2 \ 2 , 

and ± of a diagonal matrix means a free choice of sign on the entries of the matrix. 

Proof. Consider first the matrix Xij =< Ti,ej >. The matrix X T X is symmetric 
and non- negative definite and so it has a well-defined square root, namely a sym- 
metric nxn matrix which we denote by \/X T X. By the first equation of (3.6), X is 
invertible since det(X) > 1 and so we can define the nxn matrix A = V X T XX^ 1 . 
Then 

A T i n A = (x-yVxrxVxrxx- 1 = (X~ 1 fX T XX- 1 = I n , 

so that A e 0(n). Define a new frame by {AijTj, v a } and then 

x^ = A tk < r k , ej >= ^Jx T xx- x x = Vx T x, 

which is symmetric. Now we can act on both the left and right of X by 0(n) to 
diagonalise it. 

A similar argument yields a diagonalisation of V a p. 

After diagonalisation of X, the first of equations (3.6) implies that the matrix 
U T U is diagonal. Thus the n m-dimensional vectors {U a iV a }f =1 are mutually 
orthogonal and, since n > m, we conclude that n-mof these vectors must be zero. 

After a reordering of the basis elements, the matrix M then decomposes into 

n-m W 2 

a! = i .V, If, 

U\ V 
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The last of equations (3.6) now implies that W2 = and we reduce the problem to 
the square case: 

XfX! = I m + VlVl V T V = I m + W?Wl U?V = X?Wl . 

In fact, to indicate that X 1 and V arc diagonal, let us write X\ = B\ and 
V = £> 2 . Thus 

E% = I m + UTUi, (3.7) 

L% = I m + W?W lt (3.8) 

U[D 2 = £>iWi. (3.9) 

Equations (3.7) and (3.8) imply that there exists diagonal matrices D3 and D4 
(with entries defined up to a sign) such that 

Ui = D3A Wi = D A B for A, Be O(m). 

Thus equations (3.7), (3.8) and (3.9) now read 

Df=I m + Dl (3.10) 

D 2 2 =I m + Dl, (3.11) 

A T D 2 D 3 = B Y B±B. (3.12) 

Taking the transpose of this last equation and multiplying back on the right we 
find that 

A T D\D\A = D\B\. (3.13) 

However, if A € 0(m) that sends a diagonal matrix to a diagonal matrix, then A 
must be a transposition. Similarly 

b t b\b\b = D\D\, 

and so A = ±B T . 

Denote the diagonal elements of D\, B2, B3 and B4 by Aj, a, and bi, re- 
spectively, where i = n — m + l,...n. Then equations (3.10), (3.11) and (3.13) 
read 

>H = 1 + of Mi = 1 + & ? M^a? = A p(i) b p(i)> 
where p is the permutation of (n — m + 1, ...n) determined by the transposition A. 
Combining these three equations we get 

2 1 2i2 2 1 2 7,2 

a 2 + a j°i - a p(i) + a p(i)°p(i)i 

which when summed yields 

£a? = £^ and E A ? = E^ 

i i i i 

Thus |L>i| 2 = \B 2 \ 2 as claimed. 

□ 
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Definition 7. The function v is denned to be 

a, 

This is a generalization of the tilt function in the codimension one case [1]. 

We now use the normal form to construct estimates of the norms of the adapted 
frames: 

Proposition 8. For an adapted frame {Ti,v a } we have 

||t 4 || 2 < [n 2 + m(m - l) 2 ]v 2 \\v a \\ 2 < m 3 v 2 , 
for all i — 1,2, ...n and a = 1, 2, ...m. 

Proof. First consider an adapted frame {Ti,v a } for which the matrix M has the 
form given in Proposition 7. For a general adapted frame {n, v a } 

n = A\ tj v a = B a up, 

where A e O(n) and B e O(m). Then 

||r 4 || 2 = ^(G(r 4 , e ,)) 2 +^(G(r t ,T Q )) 2 



= E 



j L k 



E 



^AfG(r,,T Q ) 



< 



< 



< 



E 
E 



]TK fc ||<G(T fc , e ,)| 



+E 



j \_ k 



E i G (^> e J 



+E 



\ G (^T a 



E 



j L k 



El* 



< 



E 



E 



-i 2 



E 



E 1^1 

fe 

n 

E m 



.k—n—m+l 



^-22, / i \2 2 

< n t> + m(m — 1) v 

< [n 2 + m(m - 1) 2 ]« 2 . 
Similarly for i^ a . 



□ 



3.5. The height functions. Let u a : £ — > K be the height function u a = t a o f. 
Then 

Proposition 9. For a// a = l...m 
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Vu a ■ Vup = ip a 1 i> l3 1 ^2 VjocVyp - 5 af ^j . 



7 

Proof. From the definition of u a and T a we have 

Vila = Vt a + V" 1 V Vp a Vp = ^9a^/9 " T a ), 



/3 /9 



and so 



v Uq • =c V^ 1 g ^ y 7 „!/ 7 - r Q , Y_, v w v * - 

as claimed. □ 
Proposition 10. 

AV a p =V 70 {A ij7 A^- < R(Ti,v 7 )Ti,v a >) - V Tfj H a - A%Tp( gij ) 

+ ^(VC T ,G){iy a ,n,n) - (WC T ,G)(n,^,n) - (VTp)(H,v a ) 

2C M t < i/ 7 , V T ,r, > +(V,C M i + C ia s C l5 ~<)V 7 p, 

where A is the Laplacian of the induced metric A = g^ViVj. 

Proof. The first statement follows from a straightforward generalization of the codi- 
mcnsion one case [4]. 

For the second statement we follow Bartnik [1] and fix a point peE and choose 
an orthonormal frame {n} on S such that (VjTj)(p) = 0. Extend this frame in a 
neighbourhood of £ by = for fixed (3. Then 

-AV a p = A < v a ,Tp > 

= TiTi < V a ,Tp > 

= Ti(< W Ti u a ,Tp > + < v a ,V Tt Tf3 >) 

= n{A\ a < Tj , Tp > +C] a < i/ 7 , T p > + < v a ,V Ti Tp >) 

= < R{Ti,Tp)Ti,V a > + < f Q ,V T(3 V Tl Ti > + < V Ti f a ,VT^Tj >) 

+ C7a(< v T( i/ 7 , i> > + < */ 7 , v n i> >)+ < i/ 7 , i> > v Tt c7 Q 

+ 4*(< Vr.T,,^ > + < Tj, V Ti 7> >) 
= < E(Ti, ^ 7 )T 4 , l/ Q >< I/ 7 , Tp > + < V a ,~V T ^rJt > +^ ia < Tj , V T/3 T, > 

+ 2C7 Q < i/ 7 , V n 7> > + < n , Tp > ViH a + H~<C l7a < n,Tp > 
+ A%Ar. <v,,Tp> < u s , Tp > + < u 7 , Tp > W Tt Cl 

= -V~ f p(A i j 7 A%+ < R(n, v^)n,v a >) + V T , 3 H a 

< V^T^iT, > +A%Tp < Ti,Tj > 

+ 2C^ < u^V^n > +(ViC ia i- CjC l& ~*)V 10 . (3.14) 
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To complete the proof we now use the following: 



Lemma 1. 



< Ti,Viis a > = - < ViTi,V T pV a > +^(yC Tll ( G){iy a ,Ti,Ti) 

Proof. The proof of this follows the codimension one case (Proposition 2.1 of [1]). 

□ 

To complete the proof of the proposition we note that 

< V a , V T „ ViTi > = T fi < V a ,ViTi > - < VTpVa^iTi > 



where in the last equailty we have used Lemma 1. Substituting this in equation 
(3.14) then yields the result. 



3.6. Mean curvature flow. Let /, : E -> M be a family of n-dimensional space- 
like immersed surface in an n + m-dimcnsional manifold M with a metric G of 
signature (n, m). In addition, we assume that n > m, the case n < m follows by 
similar arguments. 

Then f s moves by mean curvature flow if it satisfies the equation 



where V is the Levi-Civita connection associated with the ambient metric on M, 
H is the mean curvature vector H = H a v a and - 1 is the projection perpendicular 
to the tangent space of S. 

The flow of the functions w 7 and v are given by 

Proposition 11. 



= -Tp < Viv ai n > - < Vr^cnViTj > 

= -i(V£ T)3 G)(^ a ,r i ,T J ) + (V£ t „G)(t 4 ,^ q ,t 4 ) 



□ 




(3.15) 




(3.16) 




£ = -V Tfi H a - H'< < V v T [h v a > . 



The flow of u 7 then follows immediately from Proposition 10. 
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To find the flow of v note that 



v [is A ) v = yaP {Is ~ A ) Vafi + h [{VaVVa) ' {vpVVp) y « 2|v ^' 2 ] ' 

where wc sum over ot t md (3 and diagonaliscd V a p — diag(Vi, ...V m ). By the Cauchy- 
Schwarz inequality we have 



r [ -jj-- A\v < V a() (-^j- - A ) r 



a/3- 



Now contracting the second equation of Proposition 10 with V al} yields the result. 

□ 



Proposition 12. Assume that M satisfies the timelike curvature condition. Let T, s 
be a smooth solution of (3.15) on the interval < s < Sg such that S s is contained 
in a smooth compact subset of M for all < s < s . Then the function v satisfies 
the a priori estimate 

v(p, s) < (m + supv) sup cxp[K(u(q, s) — u(p, s))], 

So (<?,s)eSx[0,s o ] 

for some positive constant K(n, m, ||t||3, \ip\, \\R\\, \H\,k), where u = ^2 a u a . 
Proof. Let K>0 be a constant to be determined later and set 
Ck = (1 +supu) sup exp(Ku). 

S Sx[0,s o ] 

Consider the function / = vexp(Ku). Suppose, for the sake of contradiction, that 
the function / reaches Ck for the first time at (pi, Si) £ M x (0, s ]. Then at this 
point v > m + 1 and 

A_ A )/>o v/ = o. 

Here and throughout a dot over an inequality or equality will refer to evaluation at 
the point (pi, si). Working out these two equations we have 



4- — A | u + Kv | 4- — A) u — 2KVu ■ Vv - K 2 v\Vu\ 2 > 0, 



ds J \ds 



(3.17) 



Vv + KvVu = 0. (3.18) 
Substituting the second of these in the first we obtain 

Kv (J^ - A^J u> - (J^ - A^J v - K 2 v\\7u\ 2 . (3.19) 

Now, from Proposition 11 and the estimates in Proposition 8 

^ - A) u = /r'V,V ; / < HViV^ll.llrill.IlT,-!! < C lV 2 , (3.20) 

where C\ = C\(n, m, ||i || 2 )- 
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At pi we can set C ia 13 = and then, Proposition 11 and the timelike curvature 
condition imply that 



ds 



v (i- - A )v < - V 2 \A a \ 2 + C^WTW^A^ + C 3 (n,m, \\T\\ 2 )v 4 



< - (1 - e)V 2 \A a \ 2 + C 4 (e, n,m, \\T\\ 2 )v 4 



(3.21) 



for any e > 0. Here we have utilised the gauge choice V a p — V a 5 a p on some of the 
terms and summation is over a. 

Now, from the Schwartz and arithmetic-geometric mean inequalities 



1 



i;rl ( 1 — ) A;' v ; ; ; h 2 v 2 , 



where X a is the eigenvalue of Aij a with the maximum absolute value. 
On the other hand we compute 

VjV^ = -4a < Tj,Tp >-< V ai ViT(3 >, 

vV t v = V af) V t V afi = -A? ia W jP V<*P- < v a ,WiTf, > V ati . 
|V«| < |A a |V a + C 5 (n, m,||T||i)« 2 , 



and so 
Thus 
and so 



\Vv\ 2 < (1 + e)V Q 2 A 2 + C 6 (e,n, m, HTH^ 4 . 
Rearranging this last inequality 

: |Vw| 2 -C 6 w 4 . 

Combining inequalities (3.22) and (3.23) we get 

1 



y2 A 2 > _J_ 
" 1 + e 1 













n y 



1 + e 



|V«| 2 - CV 



H a \ 2 V 2 , 



which, when substituted in inequality (3.21) yields 



d_ 

ds 



A )v < - 1 



1 \ 1 - e 



n / 1 + e 



V«| 2 + C 7 (n,|iJ|y + C 6 v 4 , 



and, by virtue of equation (3.18), 

\Vv\ 2 = k 2 v 2 \Vu\ 2 , 

yielding 



d_ 

ds 



A \v < 



1 



1\ 1-6 



K 2 v\Vu\ 2 + C 7 v + C 6 v 3 



n J 1 + e 

Substituting inequalities (3.20) and (3.24) in (3.19) we get 



KC x v 2 > 



n) (1 + e) 



1 



K 2 \Vu\ 2 + C? + C 6 v 2 



for any e > 0. 

Now for < e < 1/(1 + 2n) 



1 \ 1 - e 



(3.22) 



(3.23) 



(3.24) 
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and so using Proposition 9 

\Wu\ 2 = V«a ' Vu/s - ~ X ) > min Q Va 2 (« 2 - "*), 

a,/3 a 

we have 

i^Cii; 2 > C s (e,n, \^\)K 2 (v 2 - m) + C 7 + C 6 v 2 , 
which can be rearranged to 

2 ;. mC 8 K 2 - C 7 



v z < 



C 7 K 2 -GxK + C 6 ' 

which for large K violates v > m + 1 . □ 

For tensors H a and Aij a we define a positive norm by 

\H\ 2 + = -H a H a \A\ 2 + = -A ija A^ a , 

and similarly for their gradients. 

Proposition 13. [3] Under the mean curvature flow 

(J- - a) \H\ 2 + = -2\VH\% - 2\A\ 2 + \H\\ - 2H a H^R lm01 

(J- - A^j \A\ 2 + = -2\VA\ 2 + -2\A\X + A*A*R+A* V R, 

where V is the covariant derivative in both the tangent and normal bundles and * 
represents linear combinations of contractions of the tensors involved. 

Proposition 14. Under the mean curvature flow 

iHllKC^l + s- 1 ), 

K<o 2 (i + 0> 

where C\ = C\{n, k) and O2 = Oi(n, ||i?||i). 

Proof. From the previous proposition and the timelike curvature condition (3.1) we 
conclude that 



while 



(^-A) \H\ 2 + <-2n-i\H\\ + 2k\H\ 2 + , 
- a) \A\ 2 + < -2\A\\ + C 3 \A\ 2 + + CMI+ < -\A\ 4 + + O s , 



The result then follows by a suitable modification of Lemma 4.5 of Eckcr and 
Huiskcn [4]. □ 

Theorem 2. Let So be a smooth compact n-dimensional spacelike submanifold 
of an n + m dimensional manifold M satisfying the timelike curvature condition. 
Then there exists a unique family / s (£) of smooth compact n-dimensional spacelike 
submanifolds satisfying the initial value problem (3.15) on an interval < s < sq. 
Moreover, if f s (E) remains in a smooth compact region ofM as s — > s , the solution 
can be extended beyond s . 
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Proof. Having bounded the second fundamental form in Proposition 14, bounds on 
the higher derivatives and hence long-time existence, follow from standard parabolic 
bootstrapping arguments as in [4] . □ 



3.7. Boundary conditions. While our considerations so far have been on flowing 
compact submanifolds, the results can be extended to the case where the flowing 
submanifold has boundary, so long as we implement suitable boundary conditions. 
For dimensional reasons, and because mean curvature flow is a second order PDE, 
we must have m boundary conditions in total. 

Consider the case of m— 1 Dirichlet conditions and one Neumann condition. That 
is, let E be a fixed n-dimcnsional submanifold in an n + m-dimensional manifold 
M and consider the Dirichlet requirement that a given immersed n-dimcnsional 
spacelikc submanifold / : E — > M has boundary in E. 

Definition 8. An independent Neumann boundary condition is a Neumann con- 
dition 

N(f)=0 along /(9E), 

where N is some linear combination of the slopes of S which is linearly independent 
from the derived Dirichlet condition . 

Consider the following flow. 

Let f s : E — > M be a family of immersed n- dimensional spacelike submanifolds 
ofM such that 

ds 

with initial condition 

/o(E) = S 0) 

and boundary conditions 

(i) 3/ s (E) c E, 

(ii) N(f s ) = 0, 

where H is the mean curvature vector associated with / S (E), E and E are some 
given n-dimensional submanifolds, and boundary condition (ii) consists of an inde- 
pendent Neumann condition. 

Proposition 15. The above boundary value problem is parabolic. 

Proof. To establish this we verify that the well-known Lopatinski-Shapiro condi- 
tions are satisfied. Let (x 1 , ...,x n ^ 1 , v) be coordinates that flatten out the boundary, 
so that the boundary is given by v — 0. The Lopatinski-Shapiro condition requires 
that there exists a unique solution of the ODE associated with the above problem, 
namely: 

d 2 r 



dH 



£(c j ) 2 r = o, 



km r 

t— >oo 
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df a df a 
(i) A ak ^(0) + B akj Cf a (0) = g k (ii) C a ^(0) + D aj ?f a (0) = h, 

where the initial conditions (i) and (ii) are derived from the linearisation of the 
Dirichlct condition (j,k — 1, ...,n — 1), along with the Neumann condition. The 
first equation can be integrated to 

f a = ^exp(-|C|t) + J B 2 a exp(|C|t). 

The second condition implies that E% = and it remains to satisfy the initial 
conditions 

(i) -A ak \C\E? + B akj ?E?=g k (ii) -C a \(\E?+D aj ( j E? = h. 

Since the Neumann condition is assumed linearly independent from the linearized 
Dirichlct conditions, there exists a unique solution to this ODE. 

□ 

Thus we can extend Theorem 2 to the case where the flowing submanifold has 
the above boundary constraints: 

Theorem 3. Let So, S be smooth n-dimensionalsubmanifolds of an n + m di- 
mensional manifold M satisfying the timelike curvature condition. Assume that 
So is spacelike, <9(£o) lies on S and an independent Neumann condition holds 
along the boundary. Then there exists a unique family / S (S) of smooth compact 
n-dimensional spacelike submanifolds satisfying the above parabolic boundary value 
problem on an interval < s < sq. Moreover, if f s (E) remains in a smooth compact 
region of M as s — > sq, the solution can be extended beyond sq. 



4. Mean Curvature Flow in TS 2 

In this section we establish the main estimates we require to prove convergence 
of mean curvature flow in TS 2 as stated in section 2.3. Throughout we use the term 
positive surface to mean spacelike surface: the induced metric is positive definite. 

4.1. The neutral Kahler metric. In order to compute geometric quantities we 
introduce local coordinates on TS 2 . These are readily supplied by lifting the stan- 
dard complex coordinate £ (obtained by stereographic projection from the south 
pole on S 2 ) to complex coordinates (£,??) on TS 2 . In particular, we identify 
(£, rj) E C 2 with the vector 

These coordinates are holomorphic with respect to the complex structure JT: 

— $( — }-i — 

d^J dt; \ dr] J dr]' 

and the symplectic 2-form and neutral metric have the following local expressions: 
SI = 4(1 + tir 2 Rc [dn A d£ - A d Z 

G = 4(1 + e?)- 2 Im (dfjd£ + 7^^) ' 
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We are interested in graphs of local sections of the bundle 7r : TS 2 — > S 2 . Such 
local sections are given by £ (£, 77 = F(£, £)), for some function F : C — > C. 

Definition 9. We introduce the complex slopes of F: 

o- = -0F p = + ^A = (1 + tt) 2 d(F(l + ^y 2 ). 

Here, and throughout, d represents differentiation with respect to £. The functions 
A and a are commonly referred to as the twist and shear of the underlying family 
E of oriented lines in E 3 . 



We note the following two identities, which follow from these definitions: 



lmd{ (1 +&) 2 d 



er 



<9p 



2F 



<9<9A 



(1 + a 2 ' 
2A 



(4.2) 
(4.3) 



The geometric significance of A and a are as follows: 



Proposition 16. [6] A surface E jroen by a local section r\ = F(£,£) is Lagrangian 
iff A = and is holomorphic iff a = 0. 

For the induced metric we have: 



Proposition 17. TTie metric induced on the graph of a section by the Kahler metric 
is given in coordinates (£, £~J by; 



with inverse 



-A 



-A 
-id 



io~ —A 

—A — ia 



2(A 2 - <tS) 

Proof. This follows from pulling back the neutral metric (4.1) along a local section 



Proposition 18. The induced metric on a Lagrangian surface is Lorentz, except 
at complex points, where it is degenerate. 

Proof. By the previous Proposition the determinant of the induced metric is 2(1 + 
££~) _2 (A 2 - go) and the result follows. □ 

Note 2. In Section 2.1 we have seen that umbilic points on surfaces in E 3 give 
rise to complex points on Lagrangian surfaces in TS 2 and now we see that these 
correspond to degeneracies in the induced Lorentz metric. Moreover, the principal 
foliation corresponds exactly to the null directions of the Lorentz metric. Thus the 
Caratheodory conjecture bounds the winding number of the light cone of certain 
Lorentz surfaces with isolated degenerate points, and the hyperbolic nature (and 
hence difficulty) of the problem becomes evident. 
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Note 3. Roughly speaking, our strategy is to maximise the area of an immersed 
surface by reducing the shear and increasing the twist. In fact, the previous Propo- 
sition was generalized [9]: 

Let (M, J, Q,G) be any neutral Kahler surface and let p e M and v\,v 2 G T p M 
span a plane. Then 

fl(vi,v 2 ) 2 - <; 2 {vi,v 2 ) = det G(vi,vj), 
where s 2 (vi,v 2 ) > with equality iff span R {v\, v 2 } is a complex line in T p M. 

In order to continue, we introduce geometric tools which will prove useful later. 

4.2. Orthonormal frames. Let E -^TS 2 be an immersed surface and assume 
that the induced metric is not degenerate on S, so that for 7 e E we have the 
orthogonal splitting T^TS 2 — T 7 E © 7V 7 E . 

Definition 10. Given a surface E in TS 2 , a frame {e( a )}^ =1 is adapted if {em, C( 2 )} 
is a basis for the tangent space TE and {e( 3 ), e( 4 )} is a basis for the normal bundle 
NE, and 

G(e (a ), e (6) ) = diag(l, e, -e, -1), 
where e = 1 for G|e positive definite and e = —1 for G|e Lorcntz. For mean 
curvature flow of positive discs we have e = 1. 



Proposition 19. If E is a non- degenerate surface given by the graph ^ — s- 77 
F(£,£)), then the following vector fields form an adapted basis: 



e ( i) = 
e (2 ) - 



a 1 



a 2 



d d d 

d£ drj dfj 



<9£ ^ drj 



dF 



d_ 

dfj 



e (3) 

e (4 ) 



for 



a 2 (J- + (BF-2(Fdu-F8u))±-8FJL 
ai ^ + (BF-2(Fdu-FBu))^-dF^ 



Oi 2 



V2[-X-\a\]i v^[c(-A+H)]i 
where dF = —\a\e~ l< ^ and we have introduced e 2u = 4(1 + ££)~ 2 . Note that when 
\a\ = 0, then <j> is just a gauge freedom for the frame. 

Using the same notation as above: 

Proposition 20. The dual basis of 1-forms is: 

9 {1) = lm [(ondF + ai{dF - 2{Fdu - Fdu)))d£ - cadrf] e 2u , 
9 {2) = e lm [(a 2 dF + a 2 {BP - 2(Fdu - Fdu)))d£ - a 2 drj] e 2u , 
9^ = e lm [(a 2 dF - a 2 BF)d£ + a 2 dn] e 2u , 



9^ = lm [( ai dF - a 1 BF)d^ + a^rf] e 



2u 
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4.3. The second fundamental form. Now consider the Levi-Civita connection 
V associated with G and for X, Y e TE we have the orthogonal splitting 

\7 X Y = V X Y + H(X,Y), 

where H : TE x TE — > iVE is the second fundamental form of the immersed surface 
E. 

Proposition 21. The second fundamental form is: 

(r\ Pi Pi 

- + (BP - 2(Fdu - Fdu))— - OF— 

where 

0u = (i\d\a\ - ad\(j\ + iXdX - aBX + \a\(\a\ + \)(d</> - ie^Bcp + 2idu - 2e i<t 'Bu)) 

/(2e^{\a\+\f{-\o-\ + \)) , 
L3 22 = (-i\d\a\ + ad\a\ + iXdX - adX + \a\(\a\ - \)(d<f> + ie i(t >d<f> + 2idu + 2e**8u)) 
/(2ee 2 "+^(k|-A) 2 (-H-A)) , 
(3 12 = (-\a\d\a\ + *Ae**5|o-| + XdX - iadX) 
I (2 e 2u +^(|a| 2 - A 2 )v/e(A 2 - |a| 2 )) . 

Proof. Consider the parallel and perpendicular projection operators II P : TTS 2 — > 
TE and P : TTS 2 — > 7VE. These are given in terms of an adapted frame by 

|| p k _ cfe fc /i(3) fe fl (4) -Lp/s — jffc fe nW „fe /,(2) 

The parallel projection operator has the following coordinate description: 
"^ = -3** 'lp| = -^(aP + Ai)a, 
II P« = -^A* HP| = &[{dF - 2Xi)Xi - |a| 2 ], 
II = ^(dF - Xi) HP| = - \a\ 2 - Xi{BP - 8F)\ + 2A 2 ], 
II P v = __^ [A ^P+ |a| 2 ] HP^ = ^Ai[(dP - 2Az)5P - \a\ 2 }. 
where A = A 2 — |er| 2 , while the perpendicular projection operator is 
J- P « = II pv J- P S = _ II p« J- p? = _ II p? -t p£ II p€ 

-L p 7 ? — II p 7 ! -L p 7 ? — II p r ' -L pr; _ || p€ ± pV _ _ || pTJ 

In terms of an adapted frame the second fundamental form 

The result follows by computation. □ 
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Proposition 22. The mean curvature vector of the surface S is: 
H = 2Re 



where 



7 = (-X(-iXd\a\ + ad\a\) - \a\(iXdX - adX) - |cr|(|cr| 2 - X 2 ){d(f> + 2idu)) 

/(e 2 " +< *(|o-| 2 - A 2 ) 2 ) . 

Proof. The mean curvature vector of the surface £ is the trace of the second fun- 
damental form, which is 

- -"(11) T e -"(22) • 

The result follows from computing this with the aid of the previous Proposition. □ 



Note 4. We can also write the mean curvature vector component (see [8] for a 
variational derivation of this formula) 



2e 



-2m 



ie- 2u 8 



ae 



1u 



-d 



X 



VlA 2 -N 2 l VVIA 2 -H 2 i; ' VVIA 2 -H 2 I 

Corollary 1. A holomorphic graph has vanishing mean curvature. 
Proof. This follows from inserting a — in equation (4.4). 



(4.4) 



□ 



4.4. Mean curvature flow. Consider P.B.V.P. of section 2.3 for discs in TS 2 
attached to a real surface S. 

Proposition 23. For a graph in TS 2 , the mean curvature flow is 
F =g* k d j d k F + £ (« - + m +F- C 2 F) 



2(X 2 -aa)\ 1 + J 



(4.5) 



Proof. Consider a surface / : Sx[0,s ) — > M such that = (£, £, F s (£, £), F s (£, £)). 

Then 

df _dF d dF d 
ds ds drj ds dr) 

Projecting normal to £ 

% ± =(^F+ ^|F)| + (^F+ ^F)|- 



and so the mean curvature flow is 



± P*F + ^P^F = H^, 



or from the expressions of the projection operators given in the proof of Proposition 
21 

2A 2A 
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Combining this with its complex conjugate we get 

F = -2XiH^ + 2aHt. 
Using the expression (4.4) for the mean curvature we get that 

2i£a 



(4.6) 



H = ^A^ 



2 ida-dX 



2iXadX + iaada + a 2 da + 2X 2 dX — Xada — Xada 



and the second equality stated in the Proposition follows from inserting this in 
equation (4.6). 

To see that the first equality in the Proposition holds, we compute 



g^d.dkF = 







2A 


(1 






2A 


(1 




2A 



(iad 2 F - 2\ddF - iad 2 F) 
iad\6 + iX-' 



, + 2Xda + iada 

l + « 

[— 2adX — iada + iada + 2Xda 

{ l + « (i + fO 2 

where we have used identity (4.3) in the more convenient form 



09 = tOX- {l+^) 2 d 



2F 



(i + eOV (i + «) 2 



Thus 



gfdjdkF + £ (K - pO(l + + ^ - C^) 



A 

(1 + &) 2 

2(A 2 - era) 



-2adX — icr^cr + iadcr + 2Xda 



Aia(a£, + 



as claimed. 

Proposition 24. Under the mean curvature flow the shear evolves by: 



□ 



d« njk8 B . + &) 2 + 2ff 2 (l + ft) + 2# 3 

at - 3 ^ feCT + 2A 2 " ' 



where 



H l =- AXadXdX - 2iXadXda + 2(A 2 + y)dXda + 2iXadXda + 2X 2 dXda 
+ 2a 2 d\da + ia 2 {da) 2 - 2Xadada - 2Xadada - ia 2 {Oaf , 

H 2 = -2adX (2iXal+ (A 2 + aa)£) + 2adX (A 2 - a a) | + da (ia£(3X 2 - era) + 2A 3 £) 
+ da (ia£ - 2XS) (A 2 - aa) + 2da (ia 2 a^ + Xa 2 £) , 

and 

H 3 = -a (iaf - 3ia£ 2 - 4A££) (A 2 - aa). 

In addition, 

dp njkB h 4 (i + a 3 + g 5 q + to 2 + g 6 q + m + g 7 

a* = 3 + 2(1 + ' 
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where 

H 4 = 4Xcr (8X) 2 - 2a 2 dXda + 2iXadXda - AX 2 dXda - 2aa3Xda - 2iXa3XBa 
— ia 2 dada + 2Xo8odo + iX 2 dada — iX 2 Bo8o + 2\a (da) 2 + ia 2 dadd, 

H 5 = -4dX (2i\aa£ - \ 2 a£- aa 2 £) + 2da (i\ 2 a(, + iaa 2 ^ - 2Xa 2 t) 
+ 2 (2dai\ 2 a£ - 2daXaa^ + BaiX 2 ^ - Baia 2 a£) , 



and 



H 6 = -4(i(X 2 - aa) + X9)(X 2 - era), 



H 7 = Ai(FaC - Fa£)(X 2 - aa). 



Proof. The proofs of these statements follow from differentiation of the flow equa- 
tion (4.5). We illustrate this for the flow of a, leaving the flow of p to the reader. 
We start by splitting the expression into convenient terms: 

-a = dF = E l + E 2 + E 3 + Ei, 

where E\ is second order in the derivatives of A and a, E 2 and E 3 are the quadratic 
and linear first order terms, and E4 is the zeroth order terms. We now compute 
each of these terms in turn. 

So, differentiating equation (4.5) we have 

E x = y 2 2 {-2a33X - ioBBo + 2X33a + ioBBo) . 

At this point we exploit the 3-jet identity (4.3) which we write in the more 
favorable form 



83X = Im 



2£ - 2£ 2 



2X 



(i + ee) 



2 • 



Inserting this in the expression for E\ yields 



El = ii±# Uo-88-0 + 2xm-o- + io-BB-o- - ^(^-W + ^ ~ ~ ^ 



2A V I • ii ■: I • £0 2 

The first three terms of this, noting the expression for g _1 in Proposition 17, are 
easily seen to be the rough Laplacian of —a: 

E 1 = -tf k 8,B k d + ^ {{Ida - 0a){l + ft) + fa - fa - 2zA) . 



We note that in the final sets of expressions, the lower order terms introduced into 
Ei by the 3-jet identity will have to be added to E3 and E4. 
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Moving to the quadratic first order term we compute from differentiating equa- 
tion (4.5) that 

E 2 = V ^ ! ( - 2dadX - idada + 2dXda + idada 

- ^-dA(~2adX - iada + 2Xda + iadaj) 

= 2A2 [kXadXdX + 2iXadXda - 2 (A 2 + aa)dXda - 2iXadXda 

- 2X 2 dadX + 2Xadada + ia 2 (da) 2 - ia 2 {daf 

- 2a 2 dadX + 2Xadadaj 

2A 2- Hl - 

This establishes the quadratic first order term, once we recall that dF = —a. 
Moving to the linear first order term 

E 3 = - + A ^^ (~2ad\ - iada + 2Xda + iada) 

+ (2i(a£ + iX£)da + 2ia(£da + i£d\)) 

- [2ia(a£ + iX£)(2Xd - add - ado)] 

= ^i|^{ - 2£ct(A 2 - aa)dX + [2a 2 (ia£ - A£) + i£,a(X 2 - aa)]da 
+ 2£A(A 2 - aa)da + [i£a(3X 2 - aa) - 2£X 3 ]da 
+ 2[£<r(A 2 + aa) - 2it,\<ra]d\^ . 

Adding the linear term from E\ we compute that 
A 2 - 

-H 3 = -^-^E 3 + i£a(X 2 - aa)da - i£a(X 2 - aa)da 



1 + & 
A 2 

+ (A 2 - aa) (2£A + i£a)da + [i(,a(3X 2 - aa) - 2£X 3 ]da 



{ - 2£,a{X 2 - aa)dX + 2a 2 (ia£ - X£)da 



+ 2[£a(X 2 + aa) - 2i£\aa]d\}, 



as claimed in the Proposition. 

Finally, we work out the zero order term by looking again at the derivative of 
equation (4.5) : 

£4 = ^(^ 2 +*A(l + 2£0), 
and taking into account the zero order term of E\ , we have 

-H 4 = A 2 E 4 + ia(fa - £ 2 a - 2iX)A = a(3i£, 2 a - i^ 2 a - 4££A)A, 
as claimed. □ 
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For later use, introduce the flat metric 

< d£, d£>=l < d£, d£ >=< d£, d£ >= 0, 

on S via its coordinate £. If we denote the flat norm and inner product by |.| and 
<-,->, and the norm and inner product of g by |.| and << •, • >>, we have the 
following estimates which will prove useful: 

Lemma 2. 

(i + &) 2 (-a - H) , 2 2 (1 + ft) 2 (-A + H) 2 

We now prove that the flow remains in a compact set. 

Proposition 25. For the mean curvature flow in TS 2 there exists positive constants 
C\ and C2 depending only on the size of the initial disc and F a such that 

FF + C 1 ^<C 2 , 

for all time. 

Proof. A straightforward computation shows that 

d a W A < 1+ «» 2 



^ ds J A 2 — a a 

and 

[j s - A„) FF = -2gi k d 3 Fd k F 

\F(iooi - (ia6 + Act)0 - F(io-a£- (i<70 - A<t)£)](1 + 



+ ■ 



\ 2 -<J<7 

F 2 ia - FFiai 2 + FFia£ 2 - F 2 ia 



\ 2 -aa 

where we introduce A for the rough Laplacian: 

A =g^ k d j d k . 

Let 

= [Fjiaaj - {iad + Aa)Q - Fiiuuj- {ia6 - A<r)fl](l + &) 

A 2 — (7(7 

Define the function I? : C 2 — > R by V{rj,£) = rjfj + Ci££ for some positive 
constant Ci to be determined later. We consider the pullback of this function to 
the flowing disc. At a turning point p of T> we have 

<9X> = FdF + FdF + d£ = FdF + FdF + = 0, 

which can be written 

2£FF 



F8 = Fa - iFX - d£ - 
F0 = Fcr + iFX - di - 



2£FF 
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Substituting these in the definition of h we find that, at a turning point, 
2[Fa{iai - A£) - F*(ia£ + A£)](l + 



/i = 



A 2 — (7(7 

+ t(Ci(l + + 2FF)(a£ 2 - (7£ 2 ) 



A 2 — (7CT 

Moreover, at p 

FdF = FdFd£ + FdF d£ = (—FdF - Ci£)df + F<9F rf^ - (Fcr - Cif )d£ - Fad£, 
and so 

[F<7(ia£ - AO - Fa(ia£ + A£)](l + &) 2 



« FdF,^-^ » = — ' 



2(A 2 - ctct) 
Ci(l + £0 2 (i*? + Aft) 



2(A 2 - ctct) 

We conclude that, at p, 

/! = -Y^g « FdF > & ~ & » + TT& <<c FdP ' ^ " ^ >:> 

| 2Ci(l + &)(i<Tg 2 + A&-i<7g 2 ) | 2jFF(gg - < 2 ) 

A 2 — (7(7 A 2 — (7 G 

Now combining these, we find that at a turning point 

4- - A ) FF = -2 « dF, dF » -2 « FdF, I^zigf » 
ds ) 1 + 

+ 2 « FdF, ^ ~ !g » | 2^(1 + ftXzag 2 + Aft -z<rg 2 ) 

1 + A 2 — (7(7 

F 2 icr + FFig^ 2 - FFia£ 2 - F 2 ia 
A 2 -oo _ 

= 2 « dF - F^-y, ^ + F^-y » 

IFF 

« £d£ - £d£, £d£ - £d£ » 



+ 



(1 + eO 2 
2d(l + ^)(z(7g 2 + A^-z(7g 2 ) 
A 2 -aa 

F 2 ia + FFia^ 2 - FFial 2 - F 2 ia 



A 2 - 



(7(7 



However 



« & - £d£, - £d£ »= 2(A2 _ a - } (^~ 2 + 2A& - ^e 2 ), 

and so 

# _ A )FF = -2 « dF - F^ - *g, dF + F^ ~ *g » 

2Ci(l + CC)(^C 2 + A^C- *o-£ 2 ) F 2 icr - F 2 ia 

A 2 — (7(7 A 2 — (7(7 

_ 2\££FF 

~ A 2 - (7CT ' 
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From the negativity of the first term on the right hand side of the last equation we 
have that 

d A \{FF + Cm< 2Cl{l+m ^ + X ^- i<ie) FHa-FHa 



ds J ' * A 2 — aa A 2 — aa 

2\£jFF | CiA(l+gQ 2 
A 2 — aa A 2 — aa ' 
and we now estimate each of these terms. 
First, comparing with the flat metric 

2Ci(i + + m - ™e) _ 4Ci ^ + ^ 2 + 6Ad(i + eo« 



A 2 -aa 1 + A 2 - aa 

A 2 — aa 
8d^(l+^(-A-H) 



< 



A 2 — aa 
8Ci£f(l + ft)(-A+M 



A 2 - aa 
and 

A 2 — aa A 2 — aa (1 + ££) 2 A 2 — aa 

< 4FF(-A+|a|)(l+^) 2 + 2A(1 - tf)FF 



< 



A 2 - aa A 2 
&FF(-\ + \a\)(l + tt) 2 



\ 2 -aa 
Finally, we conclude that 

d_ _ A \ + cm < 8(FF + C 1 ^)(-A+|a|)(l+^) 2 + ^A(l + «7 



/ "' A 2 — aa A 2 — aa 

which is negative for 

16|F ma x| 2 

Oi > 



1 16-Rniax 

|2 



where |Fmax| i s the maximum modulus of F and i?max the maximum radius of 
the initial disc (assumed to be less than 1/16). 

Thus, at a maximum value the function V is decreasing and the bound follows. 

□ 



4.5. The multi-time function. We now construct the multi-time function on the 
compact set in which the flow stays {cf. section 3.1). 

Proposition 26. Define the open ball 

B = {(t,rj) e C 2 | CiK + rfij < C 2 and g < 1 }, 

for positive constants C\ and C2 . Then the junction t : B — > M 2 = C defined by 

t = n + iC 3 £, 

for any positive constant C3 satisfying Cf > C2 is a multi-time function on B. 



CARATHEODORY CONJECTURE 29 

Proof. Let £ = #e w , £1 = Rc(£) and £ 2 = Im(£). For any a = A x + iA 2 e C, 
consider the surface t~ 1 (a), or equivalently, n = a — iCs£. On this surface 

G(Vti, Vti) = G(V£ 2 , V£ 2 ) = 5(1 + R 2 )(C 3 R 2 - 2i?(A 2 cosi? - Ax sintf) - C 3 ). 

(4.7) 

On £ _1 (a:) fl5we have 

dtf + ia-iCsOia+iCzO = (C 1 +C 2 )R 2 -2RC 3 (A 2 cos$-A 1 sm^+Aj+Aj < C 2 . 
Thus 

> Cl + C * R* - 2i?(A 2 costf - A, sintf) + ^±3^9l 

C 

> C 3 R 2 - 2R(A 2 cos$- A^ind) - 

^3 

and so if Cf > C 2 we conclude that on t^ 1 (a) n £> 

C 3 i? 2 - 2i?(A 2 cos t? - Ai sin i?) - C 3 < 0. 
From equation (4.7) we have then that for £ restricted to B 

G(V£i, V£i) = G(V£ 2 , V£ 2 ) < 0. 
Thus £ is a multi-time function on B. 

□ 



4.6. Asymptotic holomorphicity. Consider again the mean curvature flow on 
TS 2 . 

Proposition 27. For the flow there exists a positive constant C\ such that 

|a|2 < a - su D |a|2 

_< Cl _su P _. 



Proof. We compute the flow of this quantity to be 



d , 



A 2 -3|ct| : 



A 2 - 
2|d 



<(¥) 



4|d 



A(l + CO 



<< 



» 



+ 



A 2 
4|al 2 



2 , 2H(i + ^~) 

A 2 — |(t| 2 



< 



d(J£),d(l + &) 



> 



A 3 



At a maximum of this quantity d(\a\/X) =0 and thus 



d_ 

ds 



A 



IfT 

A 2 



2M ; 



A 2 



2 



4M| 

A 3 



< 0. 



Thus it is decreasing at a maximum and the result follows. 



□ 
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Proposition 28. The flow satisfies 



— - A 

ds ° 



(A 2 + M 2 ) 



A 2 - IcrP 



(A 2 - |cr| 2 ) 3 
4A|a| 

(A 2 -M 2 ) 3 



Ad|cr| - |ct|(2A 
Re[tf 8 ], 



A 2 |cr| 2 



(A 2 - \a 



2\2 



(4.8) 



where 



H s =(1 + CO [iXa£d\a\ - i\a\a^d\ + 2X\a\{i\(, - a^)d</>] 

- 2Uct|ct|£ 2 - 2|cr| 3 + 2(1 + 2££)A 2 |ct|, 

and (j) is the argument of a. Here the norm \\.\\ is taken with respect to the induced 
metric given in Proposition 17. 

Proof. This follows from the fact that 



ds 



X 2 -\a\ 2 (A 2 -|a| 2 ) 5 



Act 



d_ 

ds 



A ct + Act 



ds 



A )*-2\a\< 



2|ct| 2 (3A 2 + |ct| 2 ) m _ |2 2A 2 (A 2 + |ct| 2 ) ^_ 



+ 



(A-|ct| 2 ) 3 
4A(A 2 + |ct| 2 ) 
(A-|ct| 2 ) 3 
2A 2 ct 2 



(A - |ct| 2 ) 3 
<< ada + ada, dX >> — 



(A-|ct| 2 )^ 



(A- 



12^2 



\\da\Y 



and the flow equations given in Proposition 24. 



□ 



We now prove: 



Proposition 29. By choosing a small enough initial disc, under the mean curva- 
ture flow we have the following estimate: 



ds 



Ac 



< 



4A 



A 2 -|ct| 2 " (A 2 + |ct| 2 ) (A 2 — |ct| 2 ) 2 ' 
Proof. Our starting point is equation (4.8), which we rewrite in the form 

IctI 2 

, i ro =h+h + h + h, 



— - A 

ds 



where 



h = -2 



(A 2 + |ct| 2 ) 



(A 2 -|ct| 2 ) 3 

j _ 3 (1 + ^)A 2 |ct| 
2 (A 2 -|ct| 2 ) 3 
A 2 |ct| 2 



Xd\a\ - \a\dX- 



A 2 -H 2 A|ct| 



h = —2 

3 (A 2 -|ct| 2 ) 3 



A 2 + |ct| 2 1 + ^ 
< d(l + Xd\a\ - |cr|dA > 

ty- 2(1 + tt)- 1 j[d(l + ti)\ 



-{ - i\a\X 2 (£ 2 e^ - fe~^) + 4A{[2 - ££]A 2 + 2|ct| 2 }}. 



h 2(A 2 -|ct| 2 ) 2 (A 2 + |ct| 2 ) 
Here a — \a\e % ^ and we have introduced the flat complex structure j(d£) = id£. 
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First we estimate I\ using the flat metric and Lemma 2: 

(1 + ^") 2 (A 2 + H 2 ) wl , , JA A 2 - |(t| 2 ah 



Ji < -2- 



\d\a\ - \a\d\ - . ' ' '- rf(l + 



' (A 2 - |cr| 2 ) 3 ( — A + |(t|) 1111 A 2 + | ( t| 2 1 + ^" 
and so after completing the squares 

2 



h+h< ~'2 (x , „ :!)lt( A| a) 



Ad| g |-HdA + ^j^^ d(l + «-) 



4(A^ + |<rP)^ (l+«) 2 



Clearly ^3 is negative, so we discard it. To estimate J4 we use 
Thus 

/4 < 2(A ._ k | I;r (A . +k |. ) {2|a|A 2 ^+2A{[4-2^]A 2 +4|a| 2 }}. 
Combining the estimates 

d A |a| 2 4A|a| 2 A 2 |a| 2 (A 3 + 2A 2 |a| - 2A|a| 2 - |a| 3 )^ 

~, A To r - P7 S 77^5 1 19X9 + 



7s 7 A 2 - H 2 " (A 2 - |ct| 2 ) 2 (A 2 -| C r| 2 ) 3 (A 2 + |a| 2 ) 

By choosing a small enough disc we can achieve — A > 3|cr| throughout the flow (c/. 
Proposition 27), so that 

d a \ kl 2 . 4A|a| 2 A 5 |a| 2 a 
A iT 77 S 7T^ 1 _i9N9 + 



ds 7 A 2 - H 2 " (A 2 - H 2 ) 2 9(A 2 - |(t| 2 ) 3 (A 2 + H 2 ) 

< kl 4 

- A 2 + |(t| 2 (A 2 — I cr 1 2 ) 2 ' 
This completes the proof. □ 

Proposition 30. The timelike curvature condition holds during the flow. 

Proof. Given a P, chose an adapted orthonormal frame (e^ — t%, e( 3 ), e^) and for 
a timelike vector X — X^e^) + X^e^ compute 

< R{X,n)X, Tl >= ^-^(-(x^r + (X {3) f) > ^L\X\ 2 - 
From the previous Proposition we have that 

and so we have the a priori bound 

<Ci. 



A 2 - |a| 2 

In addition, since the area form increases point wise under the flow 

A 2 - M 2 > c 2 , 

and therefore 



I- V H 2 _i 

A 2 - Icrl 2 A 2 - lo-l 2 - C 2 " 
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Thus 

&{R(X,Ti)X,Ti) >k\X\ 2 , 
as claimed. □ 



Proposition 31. The following estimates hold 

\\\<C 10 \<j\<C n \6\<C 12 , 
for positive constants Cio,C'n,Ci 2 , depending on n, m, \\t\\3, \tp\, \\R\\ 



fo- 



Proof. This follows from the main gradient estimate for v, established in Proposi- 
tion 12, which we can now apply since we know that the timelike curvature con- 
dition holds. For completeness, we prove this by obtaining the explicit expression 
for v with respect to the background frame {em,et2),T(i),T( 2 )} associated to the 
multi-time function t defined in Proposition 26. 
We find that (cf. Section 3.2): 

i)' 2 = V>i~ 2 = V^ 2 = hi 1 + r2 )( c 3 + 2R(A 2 cos9- A l sin6») - C 3 R 2 ), 
and the background orthonormal frame is 



e {l) = \(l + R 2 ) 2 ^ 



'(i) 



T, 



e (2 ) 
\i> Re 
-- |V Re 



d 



.d_ c d_ 

<9£ 3 drj 
— -iC — 



d 



+ R 2 ) 2 -^ + (4^ 2 - C 3 (l + i? 2 ) 2 )^ 



d 



d 



(2) - f V Ke (1 + R 2 ) 2 — + i{A4>- 2 - C 3 (l + R 2 ) 2 )^ 

Now, consider a frame {ti, t 2 , vi, v 2 } adapted to the flowing surface (cf. Defini- 
tion 6). As the surface is a graph, we use the expressions for the frame supplied by 
Proposition 19 with n = eni, t 2 = e( 2 ), v\ = £(3), v i = e (4)- The transformation 
matrix between the timclike vectors of the background and adapted frame is (cf. 
section 3.3): 

V aP = -G(v a ,T p ), 

and 



v 2 = V 3 % + V, 



"34 



43 



Va 



Thus an a priori bound on v implies an a priori bound on each of the components 
of the matrix V a p. 

Suppose for the sake of contradiction that at some point and time A goes to 
infinity. By a translation we can assume that this occurs at = (0,0). At the 

origin we have the following expressions for the transition matrix: 

V , iV (1 + *)(H + A-C3)- (l-0^ / 2 
V33 + = ' 



V44 +iV 43 = 



(1 



[2C 3 (-M-A)]* 
i)(-\a\+X-C 3 )-(l + i) 



[2C 3 (H-A)]i 

Thus, if A goes to infinity, then so does v, which contradicts Proposition 12. Simi- 
larly for the other slopes \a\ and 9. 

□ 
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Theorem 4. By choosing a small enough initial disc, under the mean curvature 
flow the disc becomes asymptotically holomorphic: 

lim \a\ = 0. 

s — >oo 

Proof. By the previous propositions, our general results on mean curvature flow 
can be applied, in particular we can apply Proposition 31. 
Then by Propositions 29 and 31 we have 

d a \ W? < 4A_ k| 4 H 4 

^ A To T-79 S TTo I i_!9n 7T9 T-J9V7 S -0 7 



Js V A 2 - |ct| 2 - (A 2 + |ct| 2 ) (A 2 - |ct| 2 ) 2 - (A 2 -|a| 2 ) 2 ' 
and we can again apply Lemma 4.5 of [4] to get the result. □ 



4.7. Boundary and initial conditions. In our case we would like the boundary 
disc to be the Lagrangian disc E with the isolated complex point, but, as the 
metric will be Lorentz or degenerate on such a disc (see Proposition 18), it will not 
be spacelike and cannot be used as a boundary condition. Instead we perturb the 
disc around the complex point to make it positive, and attach the flow disc to this 
surface. 

More specifically, suppose E is given by n — F(£,£) and the point 7 lies at the 
origin £ = 0. Define the perturbed surface E by "adding a linear holomorphic 
twist" : 

n = F = F - iC £, (4-9) 
where Co is a real positive constant. 

Proposition 32. The induced metric on the surface S is positive definite in a 
neighbourhood of the origin. The origin is an isolated complex point on E with the 
same index as that of the complex point on E. 

Proof. The fact that S has an isolated complex point of the same index at the 
origin follows from the fact that the perturbation is holomorphic, and hence a = u. 
In addition, computing the twist 

x - , m (1 + ,m (^) . to (1 + &s (^|) . 

where we have used the fact that E is Lagrangian. Thus, at the origin A 2 (0) — 
|<t(0)| 2 = C 2 > and so in a small enough neighbourhood, the metric is positive 
definite. □ 



Note 5. In order for the induced metric to be positive (rather than negative) 
definite we have arranged that A < 0. 

We now prove that: 

Proposition 33. The boundary condition — e\ + \a\ = \<r\ in P.B.V.P. is an 

independent Neumann condition. 
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Proof. By Proposition 15, this follows if the Neumann condition is linearly inde- 
pendent of the derived Dirichlct condition. To see that this is the case, consider 
the condition that two graphs /,/:£)—» TS 2 intersect on a curve. If the graph 
functions are F and F, then the tangent spaces are spanned by 

T 7 S = Span Q£C Me a Q| + B F± + dF^j , 

/ r\ q o 

T 7 S = Span 5ec Re a ( — + dF— + dF- 



d-q dr) y 

If these tangent spaces intersect in a one dimensional set, then there exists a and 
a such that 

( d d - d \ ( d ~ d ~~ d 

Re a — + dF— + dF— ) = Ke a ( — + dF— + dF— 
\ot, or] or) J \ ot, or) dr) 

Comparing components we find that a — a and 

adF + adF = adP + adP, 

or 

ad(F — F) + ad(F - F) = 0. 

Thus, a necessary and sufficient condition for the tangent planes to intersect on a 
line is that \d(F — P)\ = \d(F — P)\, or, in our notation, \p — p\ = \a — a\. This is 
clearly linearly independent of the Neumann condition — eA + \a\ = \a\. 

□ 

Proposition 34. The boundary of the flowing disc never crosses the complex point 
on the boundary surface E. 

Proof. This follows from the boundary condition — eA + \o~\ = \a\, since if at some 
s = Si the boundary of the flowing disc reaches £ = 0, then — eA(si, 0) + \a(s\, 0)| = 
|ct(0)| = 0. Thus A(si,0) = and the disc is no longer positive definite which 
contradicts long-time existence for the flow established earlier. □ 



We turn now to initial conditions. 

Proposition 35. For e small enough, there exists an initial positive disc such that 
fo(dD) cSisa simple closed curve containing the complex point on X and which is 
compatible with the given boundary condition — e\+ |er| = \a\. Moreover, the initial 
disc can be chosen arbitrarily C x -close to the boundary disc S, and 7r(/o(<9Z?)) is 
contained in the a disc of radius less than 1/4. 

Proof. Given a surface S with boundary 9S, consider the set U ei (£) of C 1 pertur- 
bations S of S that fix dT, and 

||S - S||d < ei- 
For p e <9X, define the set of graphical planes on the boundary 
V p = { P a linear plane in T p £ | tt\p has rank 2 }, 

and 

p = U v p- 

peas 
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This has a bundle structure V — ► <9X and Tg^E is a section of this bundle which 
we denote by s. 

Now, there exists 5 > such that if s is a section of P with 

Ik- slid < s, 

then there exists X € £/<s(X!) with s = TasX. 

Our boundary condition — eA + |er| = |a| is satisfied at e = if we take the 
boundary and initial disc to be the same. Thus, by the preceding result, there 
exists an e > such that we can perturb X to a nearby disc satisfying the boundary 
condition. Moreover, since positivity is an open condition, we can choose e small 
enough so that the perturbed disc is also positive. 

□ 

5. Convergence of the Evolution to a J-Holomorphic Disc 

5.1. Compactness of the manifold of J-holomorphic discs with boundary. 

Let (M, G) be a 4-manifold with neutral metric and 7r 2 (M) = 0. Fix a C k ' a surface 
X — > M and let G be any fixed Ricmannian metric on M. 
Define 

J = { J | J is a C k ' a almost complex structure on M s.t. X is totally real }, 

and 

M t = {(/, J) | (/, X) e T, J e J, and Bjf = 0}, 
where T is defined as in section 2.2. 

Definition 11. A sequence of immersed discs f n {D) C M is said to be uniformly 
positive if 3C 2 > such that 

G(X n , X n ) > C 2 G{X n , X n ) VX n g Tf n (D). 

Note that this property is independent of the Ricmannian metric G (with different 
C 2 ). 

Definition 12. C C D is called a regular set of curves in D if C consists of 
Ck ■ [0, 1] — > .D, a finite number of disjoint embedded smooth curves with boundary 
in dD. 

We now state a compactness theorem for the space of J-holomorphic discs with 
boundary in a totally real surface. 

Theorem 5. Let (/„, J n ) G Mj, be a sequence such that 

(1) f n {D) lies in a fixed compact set of M /or all n, 

(2) J„ — ► J uniformly in C k ' a , 

(3) fn{D) is uniformly positive, 

(4) f/iere exists a constant C\ such that, for all n, 

Area G {f n (D))<C 1 . 
Then there exists a subsequence n' , again denoted by n, and 

(i) diffeomorphisms 4> n £ C°° {D , D) , 

(ii) complex structures j n on D, 
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(iii) a regular set of curves C C D, 

(iv) a complex structure joo on D — C ' , 

(v) a limit map f x e C°((D,dD), (M, E)) f~l C k+1 ' a (D — C,M), 
such that 

(a) (f> n (jn) — * joo uniformly in C°° on compact subsets of D — C , 

(b) foo | d-c = joo -J- holomorphic, 

(c) the restriction of f^ to any component of C is constant, 

(d) f n °<f>n — ► /oo uniformly in C° on the closure of D and uniformly in C k+1 ' a 
for each a' G (0, a) on compact subsets of the closure of D — C ' , 

(c) The homotopy classes of f n (dD) and foo{dD) coincide in 7Ti(S). 

This result follows from the main theorem of [5] once the following is noted. By 
the uniform positivity of f n (D) and condition (4) we have that 

C 2 Area G (f n (D)) < Area G (/„(£)) < C u 

and so we have an a priori area bound for the area of the discs f n (D) with respect 
to the Riemannian metric G. This is all that is required to apply the referenced 
theorem. 

The map foo is called a J- holomorphic bubble-disc, as the interior of foo(D) 
consists of k + 1 discs whose boundaries are joined by the k points /oc(C). The 
condition that 7r2(M) = ensures that no holomorphic spheres bubble off. 

5.2. Convergence of the flow to a J-holomorphic bubble-disc in TS 2 . The 

main ingredient in convergence of the evolution is an a priori area bound with 
respect to the indefinite metric: 

Proposition 36. Let /:£)—» TS 2 be a positive disc with boundary lying in X, a 
linear perturbation of a Lagrangian surface, as given in section 4-7. Then the area 
of f(D) has the a priori bound 

AreaG(f(D)) < nC . 
Proof. Recall the expression for the area form of the induced metric 

- d£d£ 



where 



Thus 



WW)- Jj b JFt.. (1+££ - )2 , 

A = Hm (1 + iifd (jy^) " = -BF. 



where fi is the symplectic form on TS 2 . Since this 2-form is closed and f(dD) C £ 
we have 

// n-ff o = o, 

J J D J J 

where Eg is the disc in E which is contained within the boundary of f{D). In fact, 
the symplectic form is exact 

n = „e where 8 = 
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and so 



Area G (/p)) < - f 9. 

J on, 



But a straight-forward computation shows that, when E is a linear holomorphic 
deformation of a Lagrangian disc, in terms of polar coordinates (R, £ = Re 1 ^: 



as;, ./as;, 



Thus the area can be estimated by the winding number of the boundary about the 
origin 



□ 



We now apply the above and Theorem 5 to the case of TS 2 : 

Theorem 6. Let £ be a linear holomorphic perturbation of a Lagrangian surface 
S, as in equation (4-9). Let S be an initial disc of radius R , as established in 
Proposition 35. 

Then for C big enough and R small enough, the mean curvature flow P.B.V. P. 
converges to f aD (D), a I -holomorphic bubble-disc, with continuous boundary enclos- 
ing the isolated complex point o/iE. Ln particular, the Keller-Maslov index /u(/oo, S) 
is well defined. 

Proof. In section 4 we established long-time existence of a solution ft of the P.B.V. P. 
under the above assumptions. Moreover, we established that the flow is asymptot- 
ically holomorphic in Theorem 4. 

Let /„ be a sequence of immersions extracted from the evolving immersion f t . 
Then by Proposition 25, f n (D) lies in a fixed compact set of M for all n. For n large 
enough, we can chose a sequence of almost complex structures J n , converging in 
C k ' a to J, such that /„ is J„-holomorphic. By our gradient estimates in Proposition 
27 the sequence f n (D) is uniformly positive and in the previous Proposition we have 
established an a priori area bound for f n {D). 

Since we are working in an open subset U of TS 2 , and n 2 (U) = 0. We have 
thus met all of the conditions of Theorem 5, which we can therefore apply to the 
sequence. The result then follows from properties (a)-(e) of this Theorem. 

□ 



6. Concluding Remarks 

6.1. Background. The affirmation of such a venerable conjecture is deserving of 
some general remarks on the methods employed. Previous efforts at proving the 
Caratheodory conjecture have also been focused on the Loewner conjecture, al- 
though these efforts have almost exclusively assumed that the surface is real ana- 
lytic. This has involved the use of ODE analysis, dynamics of the principal cur- 
vature foliation and the combinatorics of its singularities. Rather than review the 
history of these attempts, which in any case are well-documented, we will discuss 
our proof of the C 3 case in the context of PDE methods. 
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Our proof brings together two currents in contemporary PDE: parabolic flows 
and the rigidity of J-holomorphic curves, both in a new geometric setting. That 
these techniques are just sufficient to prove the Caratheodory conjecture gives an in- 
dication of the depth at which it lies. The geometric setting (that of neutral Kahler 
surfaces) is sufficiently new that results from both of these fields require modifica- 
tion. In what follows we sketch the salient features of the proof, highlighting the 
key points and offering an enlarged perspective on the work. 

The basic outline of the proof is as follows. The Loewner conjecture is essentially 
a hyperbolic problem. By transferring to the enlarged geometric setting of the space 
of oriented lines, the neutral Kahler metric allows us to deform it to an elliptic 
boundary value problem. The mean curvature flow then allows us not only to solve 
this problem, but to get to the most rigid of elliptic objects: holomorphic curves. 
The proof of the Conjecture then follows from a generalization of the argument 
principal for holomorphic functions. 

6.2. Mean curvature flow. In the case of the mean curvature flow, we must 
establish a priori gradient estimates for long-time existence in the indefinite setting 
with higher codimension. In this instance the indefinite signature of the metric 
assists the analysis: as long as the flowing submanifold remains in a compact set, a 
mild curvature assumption ensures that singularity formation does not occur. Thus 
many of the difficulties associated with flowing in the definite case are avoided and 
a general result on mean curvature flow of spacelike surfaces in indefinite manifolds 
is established. 

However, the higher codimension significantly complicates the gradient estimates 
required for long-time existence. In addition, rather than working with the more 
usual case of compact submanifolds, we must consider the flow with mixed Dirichlct 
and Neumann boundary conditions. These conditions must be chosen so that the 
boundary of the disc does not cross the complex point on the boundary surface, 
while still remaining parabolic. 

6.3. J-holomorphic curves. For TS 2 with neutral metric a holomorphic curve 
is maximal [8], and perhaps the most surprising aspect of this flow is that, under 
suitable circumstances, we show that it converges to a holomorphic disc. To estab- 
lish this we first prove that the flow is asymptotically holomorphic and then utilize 
compactness results for J-holomorphic discs with boundary lying on a totally real 
surface. Once again, existing results must be modified, as our symplectic structure 
is not tamed by the complex structure, and our area bound is with respect to a 
non-Hcrmitian metric. 

In this regard, the a priori area bound enjoyed by positive discs with boundary 
lying in the linear holomorphic perturbation of a Lagrangian surface must be seen 
as a key element of our proof. Without this, not only would it be hard to prove 
convergence, but it is easy to construct examples where convergence fails. Indeed, 
this is the only point at which the Lagrangian condition is exploited. 

The Keller-Maslov index estimates of the type used originate in symplectic ge- 
ometry and topology. It is worth noting that the Loewner conjecture is a stronger 
local statement than would be required by the Caratheodory conjecture: an um- 
bilic point of index 3/2 would disprove the Loewner but not the Caratheodory 
conjecture. Here we have an example of the well-known phenomenon in symplectic 
rigidity of gaining a half-integer more than is strictly necessary globally. 
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6.4. Neutral Kahler surfaces. Let us now turn to the geometric setting. The 
metric employed in the proof was first noted, as far as the authors are aware, by 
Study [12]. As shown in [7], it admits a neutral Kahler structure and is canonical 
in the sense that it is the unique metric on the space of oriented lines (up to 
addition of a spherical element) that is invariant under the action of the Euclidean 
group [11]. Such an invariant metric exists on the space of oriented geodesies 
of any 3-dimensional space form and so our method may well extend to a proof 
the Caratheodory conjecture in the 3-sphere and hyperbolic 3-space. These would 
require ambient curvature conditions, an a priori area bound, confinement of the 
flow to a compact region and asymptotic holomorphicity - issues that we postpone 
to a future paper. 

In fact, minor modifications of our argument establish: the index of an isolated 
umbilic point on a spacelike surface in Lorentz 3-space must be less than or equal 
to one [9]. Given our reformulation, it might also be conjectured that the index of 
an isolated complex point on a Lagrangian surface in any neutral Kahler surface 
must have index less than or equal to 1. 

Perhaps some insight into the difficulty of the Conjecture in Euclidean 3-space is 
afforded by the following observation: our Kahler metric is not Kahlcr-Einstein and 
so mean curvature flow does not preserve the Lagrangian condition. Thus, viewed 
in E 3 , our flow twists the normal lines and we lose the orthogonal surface. It might 
be that any proof of the conjecture must follow from the argument principle in some 
setting, and that, in order to approach these holomorphic objects the orthogonal 
surface must be destroyed in the process. Hence, any proof that remains exclusively 
in the space of surfaces in E 3 will run into serious difficulties. 

It is worth noting that our proof does not require arbitrarily small initial discs 
for convergence. A careful study of the estimates reveals that the proof works on 
any disc of radius less than one quarter. This yields: 

The winding number of the prinicpal foliation of a convex surface in E 3 along 
a closed curve contained in a disc whose Gauss image has radius 1/4 must be less 
than or equal to one. 

Since these estimates are not necessarily sharp, it may be possible to improve 
on them and to establish convergence on discs of radius less than one. This would 
then imply strong global rigidity results for isolated umbilic points on closed convex 
surfaces in E 3 . 
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